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Sources of uncertainty are reviewed for calculated atomic and molecular data that are impor-
tant for plasma modeling: atomic and molecular structure and cross sections for electron-atom,
electron-molecule, and heavy particle collisions. We concentrate on model uncertainties due to ap-
proximations to the fundamental many-body quantum mechanical equations and we aim to provide
guidelines to estimate uncertainties as a routine part of computations of data for structure and
scattering.

PACS numbers: 34.20.Cf (Interatomic potentials and forces), 34.70.+e (Charge transfer), 34.80.Bm (Elas-
tic scattering), 34.80.Dp (Atomic excitation and ionization), 34.80.Gs (Molecular excitation and ionization),
34.80.Ht (Dissociation and dissociative attachment), 52.20.Fs (Electron collisions), 52.20.Hv (Atomic, molec-
ular, ion, and heavy particle collisions)

I. INTRODUCTION

There is growing acceptance that benchmark atomic
and molecular (A+M) calculations should follow ac-
cepted experimental practice and include an uncertainty
estimate alongside any numerical values presented [1].
Increasingly, A+M computations are also being used as
the primary source of data for input into modeling codes.
It is our assertion that these data should, if at all pos-
sible, also be accompanied by estimated uncertainties.
However, it is not at all straightforward to assess the
uncertainties associated with A+M computations. The
aim of this work is to provide guidelines for A+M the-
orists to acquire uncertainty estimates as a routine part
of their work. We concentrate on data that are most im-
portant for high-temperature plasma modeling: data for
A+M structure, electron-atom (or ion) collisions, elec-
tron collisions with small molecules, and charge transfer
in ion-atom collisions.

Uncertainty Quantification (UQ) is a very active re-
search area in connection with simulations of complex
systems arising in weather and climate modeling, simula-
tions of nuclear reactors, radiation hydrodynamics, mate-
rials science, and many other applications in science and
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engineering. A report from the USA National Research
Council [2] provides a valuable survey. The current state
of the field is reflected in the biennial meeting of the
SIAM Activity Group on Uncertainty Quantification [3].
This field of UQ for complex systems has a mathemati-
cal core in the description of uncertainty propagation for
chaotic deterministic and stochastic evolution equations
in many dimensions (“polynomial chaos”). In many cases
the interest is then focused on systems for which the ba-
sic equations are not well established and involve poorly
known parameters and functional dependencies.

The present article is concerned with quantification
of uncertainties in elaborate computations, but the na-
ture of computational A+M science for application to
high temperature plasmas is rather different from the fo-
cus areas of present UQ science. This A+M science is
concerned with simple physical systems and their inter-
actions. The underlying equations governing the pro-
cesses of interest and the ensuing dynamics are essen-
tially known [4], but except for a few special cases a true
first-principles treatment is numerically intractable: the
complexity scales exponentially with the number of elec-
trons while for a fixed number of electrons the complex-
ity of the first-principles equations using a basis tends
to scale polynomially in the basis size with the num-
ber of electrons in the exponent. A+M theory is, there-
fore, about development of models that aim to approxi-
mate the exact problem with numerically tractable pro-
cedures. The uncertainties in these procedures, referred
to as “model uncertainties” in the following, are strongly
model-dependent and are often poorly understood. The
solution of any given model is itself subject to uncer-
tainties due to convergence and other numerical issues
associated with a grid or a basis set. These will be re-
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Role of Accuracy Estimates in Atomic and
Molecular Theory

G.W.F. Drake

Department of Physics, University of Windsor, Windsor, ON Canada N9B 3P4

Abstract. The various roles that theoretical work plays in the evolution of physics are reviewed,
and classified. The need for properly justified uncertainty estimates to accompany theoretical atomic
and molecular data is discussed. A new set of guidelines is described for the conditions under which
uncertainty estimates should be included in published work.

Keywords: uncertainty estimates, error analysis, atomic and molecular theory
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INTRODUCTION

The purpose of this paper is to discuss the need for uncertainty estimates in physics
papers whose main purpose is to present the results of theoretical calculations for
physical processes. The discussion will be placed in the context of the overall evolution
of physics, and the progressive maturing of particular subfields of physics. It will also
be placed in the context of the development of computational power, and the ability of
researchers to make meaningful uncertainty estimates for their calculations.

There is another context for the discussion that particularly affects the authors of
papers published in Physical Review A. The aim of the editors and Editorial Board
is to keep the journal policies in step with the needs of the community of authors
and readers. For example, a prime acceptance criterion is that all papers must contain
a substantial component of new physics, as judged by the editors and referees. The
main purpose of some papers is to present extensive tabulations of data for atomic and
molecular processes, such as transition frequencies, oscillator strengths, and collision
cross sections. Such tabulations are of great usefulness in other areas of physics, such as
plasma physics and astrophysics, and there is a tremendous demand for them, but how
should they be viewed in terms of the acceptance criterion of new physics?

A further concern is the growing need for a critical evaluation of the data to be
included in the large data bases now under development [1, 2, 3, 4, 5, 6, 7]. In some
cases, professional “evaluators" are being employed to perform this task as best they
can, across a wide range of data types and techniques. In principle, one might argue that
the authors themselves (in conjunction with the referees) are the best people to perform
a critical evaluation of their own work. For example, they may have (or should have)
supplementary data that never gets published on items such as the sensitivity of the
results to various parameters in the calculation, or other kinds of comparisons that can
be made to arrive at a critical and properly argued assessment of the accuracy.

All of these considerations are interrelated. The question I would like to address is

X1Carbon
Typewritten Text
ICAMDATA, Vilnius, Lithuania Sept.2010(AIP Conference Proceedings No.1344)

X1Carbon
Typewritten Text

X1Carbon
Typewritten Text

X1Carbon
Typewritten Text

X1Carbon
Highlight



Phys. Rev. A 83, 040001 (2011) 





General Considerations

• Estimation of theoretical uncertainties is said to be “difficult,” but the results are
too important to be ignored. New technologies are needed.

• Uncertainty estimates are estimates, not rigorous error bounds.

• Uncertainties come from both

– computational uncertainties,

– knowledge and/or completeness of underlying theory.

• Uncertainty estimates for atomic structure are the best developed so far.

• Begin with g− 2, the highest-precision comparison ever made between theory and
experiment.

• Continue with one- and two-electron atoms where both computational accuracy
and underlying theory play a role.

• Finish with many-electron atoms where computational accuracy is the main con-
cern.
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Most Precise Prediction of the Standard Model

Anomalous Magnetic Moment g − 2
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+ ahadronic + aweak

where µB =
eh̄

2m
is the Bohr magneton, and

α =
1

4πϵ0

e2

h̄c
≃ 1

137
is the fine structure constant.

Dirac 1

QED C2 = 1/2 exact

C4 = −0.328 478 444 002 55(33)

C6 = 1.181 234 016 815(11)

C8 = −1.909 7(20)

C10 = 9.16(57) Kinoshita et al.

Hadronic ahadronic = 1.677(16)× 10−12

Weak aweak = small

T. Aoyama et al. PRD 91, 033006 (2015).
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FIG. 1: Overview of 389 diagrams which represents 6354 vertex diagrams of Set V. The horizontal

solid lines represent the electron propagators in a constant weak magnetic field. Semi-circles stand

for photon propagators. The left-most figures are denoted as X001–X025 from the top to the

bottom. The top figure in the second column from the left is denoted X026, and so on.

X1Carbon
Typewritten Text
Kinoshita et al. PRD 91, 033006 (2015)

X1Carbon
Typewritten Text

X1Carbon
Typewritten Text

X1Carbon
Typewritten Text

X1Carbon
Typewritten Text

X1Carbon
Typewritten Text

X1Carbon
Typewritten Text

X1Carbon
Typewritten Text

X1Carbon
Typewritten Text



To Test QED, an Independent Value of α Is Needed

α =
1

4πϵ0

e2

h̄c
and R∞ =

1

(4πϵ0)2
e4me

2h̄3c

Then

α2 =
2R∞

c

h

MRb

MRb

Mp

Mp

me

Key measurement:

h

MRb
= 2c2

frecoil
f 2

from atom recoil velocity from 1000 photons

R. Bouchendira et al., PRL 106, 080801 (2011).

Results of Comparison

Exp’t. Theory

α−1 = 137.035 999 173(33)(8) [0.24 ppb] [0.06 ppb] from g − 2
137.035 999 173(34) [0.25 ppb] from photon recoil

(G. Gabrielse, ICAP presentation, Seoul, 2016).

Consequence: electrons have no internal structure!
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Hydrogenic Atoms

• Uncertainties here limit what can be achieved for more complex systems.

• For hydrogen, the Schrödinger (or Dirac) equation can be solved exactly, and so
uncertainties come from QED corrections and the effects of finite nuclear size and
structure.

• Relativistic corrections can be expressed as an expansion in powers of (αZ)2, and
summed to infinity by solving the Dirac equation.

• QED effects (self energy and vacuum polarization) can be written as a dual ex-
pansion in powers of αZ and α, but cannot be summed to infinity.

ETotal = ENR +∆Erel. +∆EQED

where ENR is the nonrelativistic energy, and (in atomic units)

∆Erel. = (αZ)2E
(2)
rel. + (αZ)4E

(4)
rel. + · · ·

∆EQED = α3Z4
[
ln(αZ)E

(3,1)
QED + E

(3,0)
QED +O(αZ)2 +O(α/π)

]

• QED Terms are known in their entirety up to O(α5Z6), and so the uncertainty is
of O(α6Z7) (at least in the low-Z region), or a few kHz for hydrogen 2s state [K.
Pachucki and U. D. Jentschura, Phys. Rev. Lett. 91,113005 (2003)].

• The proton size discrepancy of 0.84 fm (muonic) – 0.87 fm (electronic) also cor-
responds to an energy discrepancy of 3 kHz for the 2s state.
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High-Z Hydrogenic Ions

• There has been considerable progress in summing the αZ binding energy correc-
tions to infinity [A. Gumberidze et al., Hyperfine Interact. 199, 59 (2011)]. For
U91+, the Lamb shift is
464.26± 0.5 eV theory
460.2± 4.6 eV experiment.

• For excited s-states, the Lamb shifts and uncertainties scale approximately as
1/n3 with n and Z6 with Z. These uncertainties place a fundamental limit on the
accuracy of atomic structure computations.
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Heliumlike Atoms and Ions

• The Schrödinger equation cannot be solved exactly, and so approximation methods
must be used. This provides a great testing ground for uncertainty estimates. For
example, for the ground state of helium, the correlation energy is the difference
between:

Hartree-Fock energy = −2.87 . . .

exact nonrelativistic energy = −2.903724 . . .

The difference of 0.03 a.u. ≃ 0.8 eV is the actual error in the H.F. approximation.

• For comparison, kBT ≃ 0.026 eV at room temperature. All of chemistry is buried
in the correlation energy!
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Methods of Theoretical Atomic Physics.

Method Typical Accuracy for the Energy

Many Body Perturbation Theory ≥ 10−6 a.u.

Configuration Interaction 10−6 – 10−8 a.u.

Explicitly Correlated Gaussiansa ∼ 10−10 a.u.

Hylleraas Coordinates (He)b,c ≤ 10−35 – 10−40 a.u.

Hylleraas Coordinates (Li)d ∼ 10−15 a.u.

aS. Bubin and Adamowicz J. Chem. Phys. 136, 134305 (2012).
bC. Schwartz, Int. J. Mod. Phys. E–Nucl. Phys. 15, 877 (2006).
cH. Nakashima, H. Nakatsuji, J. Chem. Phys. 127, 224104 (2007).
dPresent work: L.M. Wang et al., Phys. Rev. A 85, 052513 (2012) .
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Nonrelativistic Eigenvalues
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Hylleraas coordinates

(Hylleraas, 1929)
.

z

Ze

e−

e−

θ

r2

r1

r12 = |r1 − r2|

The Hamiltonian in atomic units is

H = −1

2
∇2

1 −
1

2
∇2

2 −
Z

r1
− Z

r2
+

1

r12

Expand

Ψ(r1, r2) =
∑
i,j,k

aijk r
i
1 r

j
2 r

k
12 e

−αr1−βr2 YM
l1l2L

(r̂1, r̂2)± exchange

where i+ j + k ≤ Ω (Pekeris shell).

Diagonalize H in the

ϕijk = ri1 r
j
2 r

k
12 e

−αr1−βr2 YM
l1l2L

(r̂1, r̂2)± exchange

basis set.

to satisfy the variational condition

δ
∫
Ψ(H − E)Ψ dτ = 0.
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Convergence study for the ground state of helium [1].

Ω N E(Ω) R(Ω)

8 269 –2.903 724 377 029 560 058 400
9 347 –2.903 724 377 033 543 320 480
10 443 –2.903 724 377 034 047 783 838 7.90
11 549 –2.903 724 377 034 104 634 696 8.87
12 676 –2.903 724 377 034 116 928 328 4.62
13 814 –2.903 724 377 034 119 224 401 5.35
14 976 –2.903 724 377 034 119 539 797 7.28
15 1150 –2.903 724 377 034 119 585 888 6.84
16 1351 –2.903 724 377 034 119 596 137 4.50
17 1565 –2.903 724 377 034 119 597 856 5.96
18 1809 –2.903 724 377 034 119 598 206 4.90
19 2067 –2.903 724 377 034 119 598 286 4.44
20 2358 –2.903 724 377 034 119 598 305 4.02

Extrapolation ∞ –2.903 724 377 034 119 598 311(1)

Korobov [2] 5200 –2.903 724 377 034 119 598 311 158 7
Korobov extrap. ∞ –2.903 724 377 034 119 598 311 159 4(4)

Schwartz [3] 10259 –2.903 724 377 034 119 598 311 159 245 194 404 4400
Schwartz extrap. ∞ –2.903 724 377 034 119 598 311 159 245 194 404 446

Goldman [4] 8066 –2.903 724 377 034 119 593 82
Bürgers et al. [5] 24 497 –2.903 724 377 034 119 589(5)
Baker et al. [6] 476 –2.903 724 377 034 118 4

[1] G.W.F. Drake, M.M. Cassar, and R.A. Nistor, Phys. Rev. A 65, 054501 (2002).
[2] V.I. Korobov, Phys. Rev. A 66, 024501 (2002).
[3] C. Schwartz, http://xxx.aps.org/abs/physics/0208004
[4] S.P. Goldman, Phys. Rev. A 57, R677 (1998).
[5] A. Bürgers, D. Wintgen, J.-M. Rost, J. Phys. B: At. Mol. Opt. Phys. 28, 3163
(1995).
[6] J.D. Baker, D.E. Freund, R.N. Hill, J.D. Morgan III, Phys. Rev. A 41, 1247 (1990).
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Relativistic Corrections

Nonrelativistic Energy: 1/Z Expansion

ENR = E
(0)
NRZ

2 + E
(1)
NRZ + E

(2)
NR + · · ·
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Relativistic Corrections

Nonrelativistic Energy: 1/Z Expansion

ENR = E
(0)
NRZ

2 + E
(1)
NRZ + E

(2)
NR + · · ·

Relativistic Corrections: (αZ)2 and 1/Z Expansions

Erel = E
(2,4)
rel α2Z4 + E

(4,6)
rel + · · ·

+ E
(2,3)
rel α2Z3 + · · ·

Cross-over point: E
(2)
NR ≃ E

(2,3)
rel α2Z3 when α2Z3 ≃ 1, or

Z ≃ 1/α2/3 ≃ 27
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Relativistic Corrections

Nonrelativistic Energy: 1/Z Expansion

ENR = E
(0)
NRZ

2 + E
(1)
NRZ + E

(2)
NR + · · ·

Relativistic Corrections: (αZ)2 and 1/Z Expansions

Erel = E
(2,4)
rel α2Z4 + E

(4,6)
rel + · · ·

+ E
(2,3)
rel α2Z3 + · · ·

Cross-over point: E
(2)
NR ≃ E

(2,3)
rel α2Z3 when α2Z3 ≃ 1, or

Z ≃ α2/3 ≃ 27

Two Strategies

• Z < 27: start from the nonrelativistic Schrödinger equation and treat relativis-
tic effects as a perturbation. Uncertainty dominated by relativistic (and QED)
corrections.

• Z ≥ 27: start from the Dirac equation and treat electron correlation effects as a
perturbation. Uncertainty dominated by electron correlation corrections.
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Current Status for Helium

• Nonrelativistic Energy: Essentially exact

• Relativistic and QED Corrections:

– α2 Breit interaction: essentially exact

– α3 QED terms: essentially exact

– α4 Douglas and Kroll terms: essentially exact but complicated operators [re-
cently completed by Yerokhin and Pachucki PRA 81, 022507 (2010)].

– α5 QED terms: can be estimated from the known hydrogenic terms.

• Final uncertainty: ±36 MHz for the ground state ionization energy of helium. This
scales roughly as 1/n3 with n and Z5 with Z.
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High-Z Heliumlike Ions

• Start from the Dirac equation and use all-orders methods to sum relativistic and
QED effects to infinity.

• Dominant source of uncertainty comes from the combined effects of electron cor-
relation and relativistic effects: leading order (αZ)4.

• Final uncertainty for n = 2 is approximately (Z/10)4 cm−1 or ±0.9 eV for U90+.

• This is an order of magnitude larger than the one-electron QED uncertainty.
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Three-electron Atoms

• High precision variational calculations in Hylleraas coordinates are still possible,
but the basis sets become much larger (30,000 terms instead of 3000 terms).

• Accuracies are more limited, but spectroscopic accuracy is still possible.

• Only the ground state 1s22s 2S2 and a few excited states have been calculated in
any detail.
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Theoretical contributions to the 1s22s 2S − 1s23s 2S transition energy (cm−1) of 7Li
[Yan & Drake 2008, Puchalski et al. 2010], and comparison with experiment [Sanchez
et al. 2006]. µ/M ≃ 7.820 × 10−5 is the ratio of the reduced electron mass to the
nuclear mass for an atomic mass, and α ≃ 1/137 is the fine structure constant.

Contribution Transition Energy (cm−1)

Infinite mass 27 206.492 847 9(5)
µ/M –2.295 854 362(2)
µ/M)2 0.000 165 9774
α2 2.089 120(23)
α2µ/M –0.000 003 457(9)
α3 –0.187 03(26)
α3µ/M 0.000 009 74(13)
α4 (Est.) –0.005 7(6)
α5 (Est.) 0.000 52(13)
Nucl. size –0.000 390(10)
Total 27 206.093 7(6)
Exp’t. 27 206.094 082(6)
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Many-Electron Atoms

• Because of difficulties in calculating integrals in fully correlated Hylleraas coordi-
nates r12 r23 r34 · · ·, no calculations have been done for more than three electrons.

• General methods of atomic structure are needed.�
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Low-Z Z ≃ 27 High-Z

Important progress by
M.S. Safronova et al. Phys. Rev. A 90, 042513, 052509 (2014), and
B.K. Sahoo et al. Phys. Rev. A 83, 030503 (2011).
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Methods to Estimate Uncertainties

• Study convergence as more configurations (or excitations) are added (SDTQ · · ·).

• Compare different methods of calculation.

• Compare with benchmark calculations of higher accuracy, or experimental data.

• Use internal consistency checks, such as length/velocity forms for radiative tran-
sitions.

• Estimate order of magnitude for higher-order terms not included in the calculation.
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Summary and Outlook

• Estimating uncertainties is indeed “difficult”, but it is well worth doing.

• New technologies are emerging to make the estimation of theoretical uncertainties
more rigorous and systematic.

• The result greatly increases the interest and significance of theoretical papers if
well done.

• The result elevates the importance and significance of the field of theoretical
atomic and molecular physics.
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