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The Nuclear Schrödinger Equation
Aim: To solve the Time-dependent Schrödinger Equation for nuclei.

In the Adiabatic picture TDSE is:

(T̂n + Vj ) | ψj〉 −
∑

i

Λ̂ji | ψi〉 = i~
∂

∂t
| ψj〉

and the wavefunction moves over an adiabatic potential energy
surface, V , obtained from quantum chemistry calculations.
Non-adiabatic couplings Λ̂ are singular at a conical intersection.

In the Diabatic picture TDSE is:[
T̂n1 + W

]
ψ = i~

∂

∂t
ψ

where W is a matrix of potential surfaces and
couplings and ψ a vector of wavepackets.

Worth and Cederbaum, Ann. Rev. Phys. Chem., (04) 55: 127
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Propagating wavepacket: The Standard Method
Nuclear wavefunction expanded in primitive basis set:

Ψ(q1, . . .qf , t) =

N1∑
j1=1

· · ·
Nf∑

jp=1

Aj1...jf (t)χ
(1)
j1 (q1) · · ·χ(f )

jf
(qf )

Use Dirac-Frenkel Variational Principle:〈
δΨ

∣∣∣∣H − i
∂

∂t

∣∣∣∣Ψ〉 = 0

to obtain equations of motion for A:

i Ȧj1...jf =
∑

L

〈χ(1)
j1 (q1) · · ·χ(f )

jf
(qf )|H|χ

(1)
l1 (q1) · · ·χ(f )

lf
(qf )〉Al1...lf

Kulander “Time-dependent methods for quantum dynamics”, Elsevier, 1991
Kosloff, Ann. Rev. Phys. Chem. (94) 45: 145
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The Hamiltonian matrix elements

Need to evaluate matrix elements (integrals)

HJL =
∑
`1,...`f

〈χ(1)
j1 · · ·χ

(f )
jf
|H|χ(1)

`1
· · ·χ(f )

`f
〉

=
∑
`1,...`f

〈χ(1)
j1 · · ·χ

(f )
jf
|T + V |χ(1)

`1
· · ·χ(f )

`f
〉

As written an N f × N f matrix of multi-dimensional integrals!

Use a Discrete Variable Representation (DVR) or collocation (FFT) to
reduce effort

• KEO low dimensional integrals using analytic basis / FFT
• PEO diagonal on spatial grid - N f points
• DVR equates to Gaussian quadrature of integrals
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The Multiconfigurational Time-Dependent Hartree
(MCTDH) Method

Ψ(q1, . . . ,qf , t) =

n1∑
j1=1

. . .

nf∑
jf=1

Aj1...jf (t)
f∏

κ=1

ϕ
(κ)
jκ (qκ, t)

Variational equations of motion for A and ϕ.

i ȦJ =
∑

L

〈ΦJ |H|ΦL〉AL

iϕ̇(κ) =
(

1− P(κ)
)(

ρ(κ)
)−1
〈H〉(κ)ϕ(κ)

• non-linear equations of
motion

• Computer memory nf + fnN

SPFs expanded in primitive grid

ϕj =
N∑

i=1

aijχi

Beck et al Phys. Rep. (00) 324:1
Meyer, Gatti and Worth “Multidimensional quantum dynamics”, Wiley-VCH, 2009
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time-dependent matrix elements

HJL = 〈ΦJ |H |ΦL〉 = 〈φ(1)j1 . . . φ
(f )
jf
|H |φ(1)l1 . . . φ

(f )
lf
〉

• for efficiency need product potential V =
∑

s csh(1)
s h(2)

s . . .

〈ΦI |H|ΦJ〉 =
∑

s cs〈ϕ(1)
i1 |h

(1)|ϕ(1)
j1 〉〈ϕ

(2)
i2 |h

(2)|ϕ(2)
j2 〉 . . .

Using single-hole functions,

ψ
(f )
kf

=

n1∑
j1=1

. . .

nf−1∑
jf−1=1

Aj1...jf−1kf (t)
f−1∏
κ=1

ϕ
(κ)
jκ (qκ, t)

mean-field operators and density matrices

〈H〉(κ)ij = 〈ψ(κ)
iκ |H |ψ

(κ)
jκ 〉 ρ

(κ)
ij = 〈ψ(κ)

iκ |ψ
(κ)
jκ 〉 =

∑
J A∗Jκ

i
AJκ

j
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Routes to Higher Dimensionality.
First bottleneck to larger systems is no. of configurations nf

Strategies:

I Combined Mode Particles
II Selected-CI
III Cascading / Multi-layer
IV Parametrized Spfs

Second bottleneck is calculating potential

Strategies:

A Parametrized Hamiltonian
• Reaction Path Model
• High-Dimensional Cluster Model
• Vibronic Coupling Model

B GROW
C Direct Dynamics
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I. Combined Mode Particles

Re-write MCTDH ansatz

Ψ(q1, . . . ,qf , t) =

n1∑
j1=1

. . .

np∑
jp=1

Aj1...jp (t)
p∏
κ=1

ϕ
(κ)
jκ (Qκ, t)

A “particle” may contain more than one coordinate,
Qi = (qa,qb, . . . ,qw )

e.g.

Ψ(q1,q2,q3, t) =
∑

j1

∑
j2

Aj1 j2 (t) ϕ(1)
j1 (q1, t) ϕ

(2)
j2 (q2,q3, t)

=
∑

j1

∑
j2

Aj1 j2 (t) ϕ(1)
j1 (Q1, t) ϕ

(2)
j2 (Q2, t)

8 / 34



Primitive basis MCTDH ML-MCTDH Parametrised Hamiltonians G-MCTDH GWP Methods Direct Dynamics

I. Combined Mode Particles

Re-write MCTDH ansatz

Ψ(q1, . . . ,qf , t) =

n1∑
j1=1

. . .

np∑
jp=1

Aj1...jp (t)
p∏
κ=1

ϕ
(κ)
jκ (Qκ, t)

A “particle” may contain more than one coordinate,
Qi = (qa,qb, . . . ,qw )

e.g.

Ψ(q1,q2,q3, t) =
∑

j1

∑
j2

Aj1 j2 (t) ϕ(1)
j1 (q1, t) ϕ

(2)
j2 (q2,q3, t)

=
∑

j1

∑
j2

Aj1 j2 (t) ϕ(1)
j1 (Q1, t) ϕ

(2)
j2 (Q2, t)

8 / 34



Primitive basis MCTDH ML-MCTDH Parametrised Hamiltonians G-MCTDH GWP Methods Direct Dynamics

Saving in memory

All 1D functions

Mem ∼ nf + fnN

Now combine d modes in each particle.
p = f

d particles with grid lengths of Nd

If ñ ≤ nd save memory.

Mem ∼ ñp + pñNd

If d = f , then full-grid used and ñ = 1

Mem ∼ N f

Result: MCTDH can treat ca 30 modes

Bench Mark: Pyrazine Spectrum

• full 24D QD

• 650 MB
(205 MB good result)

• ca 2 × 1022 MB for
“standard”

Raab et al JCP (99) 110: 936
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Routes to Higher Dimensionality.
First bottleneck to larger systems is no. of configurations nf

Strategies:

I Combined Mode Particles
II Selected-CI
III Multi-layer
IV Parametrized Spfs

Second bottleneck is calculating potential

Strategies:

A Parametrized Hamiltonian
• Reaction Path Model
• High-Dimensional Cluster Model
• Vibronic Coupling Model

B GROW
C Direct Dynamics
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Multi-Layer MCTDH (ML-MCTDH)
Expand a multi-mode SPF in an MCTDH expansion to create layers:

Ψ(q1, . . . ,qf , t) =

n1∑
j1=1

. . .

np∑
jp=1

Aj1...jp (t)
p∏
κ=1

ϕ
(κ)
jκ (Qκ, t) Layer 1

ϕ
(κ)
jκ (Qκ, t) =

n1∑
k1=1

. . .

nQ∑
kQ=1

Bκ,jκk1...kQ
(t)

Q∏
ν=1

ν
(ν)
kν (Rν , t) Layer 2

ν
(ν)
kν (Rν , t) =

n1∑
l1=1

. . .

nR∑
lR=1

Cν,kν
l1...lR (t)

R∏
ξ=1

ξ
(ξ)
lξ (Sξ, t) Layer 3

. . . = . . .

Each layer acts as a set of SPFs for the layer above and a set of
coeficients for the layer below.

Leads to a recursive sets of variational equations of motion:

Wang and Thoss JCP (2003) 119; 1289
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i ȦJ =
∑

L

〈ΦJ |H|ΦL〉AL

iϕ̇(κ) =
(

1− P(κ)
)(

ρ(κ)
)−1
〈H〉(κ)ϕ(κ)

i ν̇(ν) =
(

1− P(ν)
)(

ρ(ν)
)−1
〈H〉(ν)ν(ν)

. . . = . . .

135 Mode Quantum Dynamics

Borelli et al Mol. Phys. (2012) 110: 751

Photo-induced ET. Spin-Boson Model.
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Routes to Higher Dimensionality.
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A Simple Hamiltonian: The Vibronic Coupling Model

Assume diabatic basis: Ψ(Q, r) =
∑
α

φα(Q)ψα(r; Q)

H(Q) = T(Q) + W(Q)

T̂α + V 0
α =

ωi

2

(
∂2

∂Q2 + Q2
)

Wαβ = 〈ψα|Hel |ψβ〉

Wαβ ≈ V 0
αδαβ + εα +

∑
i

∂

∂Qi
〈ψα|Hel |ψβ〉Qi + . . .

κi , λi

�
���

���
6= 0 if Γα × Γi × Γβ ⊇ A1

Köppel et al Adv. Chem. Phys. (1984) 57: 59
Worth et al, Int. Rev. Phys. Chem. (08) 27: 569
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Heteroaromatic Photodissociation

Fig. 2. (A) TOF spectrum of H atoms from photolysis of imidazole at lphot 0
234 nm. (B) TKER spectrum obtained from the data in (A) using Eq. 1 and
mR 0 67.07 dalton. Peaks due to population of the v 0 0 and n6 0 1 and 2
states of imidazolyl are labeled; the weak satellites appearing at higher TKER

arise from photoexcitation of ground state molecules carrying one quantum
of N–H out-of-plane bending vibration, n21. (C) Plot showing variation of
TKERv 0 0 with photon energy (both in cmj1). The intercept gives
D0(imidazolyl–H) 0 33240 T 40 cmj1.

16 JUNE 2006 VOL 312 SCIENCE www.sciencemag.org1638

REPORTS

1ps* state can be populated by a vibronically

induced transition (12, 13). H atom TOF spectra

measured after excitation to the pyrrole (S
1
)

state show structure that is attributable to

population of selected vibrational levels of the

ground state pyrrolyl radical (5). The TKER
v 0 0

peak is discernable in all spectra, enabling

determination of D
0
(pyrrolyl–H) 0 32850 T

40 cmj1. Replacing one CH moiety in the five-

membered ring (pyrrole) by N (imidazole) thus

has little effect on the N–H bond strength. All

other peaks in the TKER spectra are attribut-

able to pyrrolyl fragments with one or more

quanta of vibration in nonsymmetric skeletal

modes. Different H þ pyrrolyl (v) product

channels display different recoil anisotropies,

and their relative showings vary with l
phot

, but

the overall distribution remains centered at

TKER È 7000 cmj1 (5).

These observations indicate a remarkable

degree of vibrational adiabaticity in the dissoci-

ation of pyrrole (S
1
) molecules. Recall that the

S
1
@ S

0
transition acquires intensity through

vibronic interaction. The photoexcited S
1

level(s) will thus involve one or more quanta

of the mode(s) promoting the vibronic tran-

sition, with the requirement that the overall

combination mode be nonsymmetric. Each

such level will constitute a lifetime-broadened

vibronic resonance within the overall S
1
@ S

0

absorption, and thus be populated with a l
phot

-

dependent efficiency. The identities of the

product states formed at any given l
phot

, and

their state-specific recoil anisotropies can be

rationalized by assuming that the skeletal

mode(s) that promote the S
1
@ S

0
absorption

are largely conserved during the pyrrole (S
1
)Y

product evolution and thus acting simply as

spectators to the N–H bond fission. The mean

TKER of products arising via such vibrationally

adiabatic dissociations should be ÈdE, the

decrease in potential energy on passing from

the barrier region to the dissociation asymptote

(Fig. 1A). dE can be estimated from the dif-

ference between the energetic threshold for

parent absorption and D
0
(pyrrolyl–H); the value

so derived (È7000 cmj1) matches the mean of

the fast H atom distribution in all measured

TKER spectra (5, 14–16). H þ pyrrolyl pro-

ducts recoiling with TKER 9 dE (of which the

v 0 0 products are the most extreme example)

arise from vibrational to translational energy

transfer in the exit channel, e.g. from modes

involving N–H motion which disappear as R
N-H

increases.

In contrast to imidazole and pyrrole, the S
1

state of phenol is a bound 1pp* state. The S
1
@

S
0
origin band shows resolvable rovibronic

structure, analysis of which has established the
1A¶ @ X1A¶ transition symmetry, the wave-

length of the band origin (275.11 nm) (17), and

the excited state lifetime (e2 ns) (18). Time-

resolved pump-probe studies confirm IC to the

S
0
state as the dominant nonradiative decay

pathway for phenol (S
1
, v 0 0) molecules (19).

Replacing the OH hydrogen by deuterium

causes a È100-fold reduction in the non-

radiative decay rate, implying a dominant role

for OjH vibrations as acceptor modes in the

IC process (20).

The higher lying S
2
(1ps*) state has 1Aµ

symmetry, a much smaller transition moment

from the S
0
state (21), and is dissociative with

respect to extending R
OjH

. Its PES thus

exhibits CIs with both the S
1
and S

0
states

(Fig. 1B) (1, 22, 23). Given the weakness of the

S
2
@ S

0
transition, we assume that the S

2
state

is populated by radiationless transfer from the

optically prepared S
1
(1pp*) state or, at higher

energies, from another 1pp* state that domi-

nates the absorption at l G 220 nm (24). Other

experimental evidence for OjH bond fission

after UV excitation of phenol comes from a

Fig. 1. Structural formu-
las of imidazole, pyrrole,
and phenol, together with
schematic PE profiles for
thegroundand first excited
1pp* and 1ps* states of
(A) pyrrole and (B) phenol,
plotted against the NjH
and OjH stretch coor-
dinates, RNjH and ROjH,
respectively [adapted
from (1)].

Ashfold et al Science (06) 312: 1637

Excitation to ππ∗ states
Dissociation after crossing to πσ∗ states
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Electronic Absorption Spectrum of Pyrrole
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(e) φ

Symmetry Character CASSCF CASPT2
A1 0.00 0.00
A2 3s/πσ∗ 4.17 5.06
B1 3s/πσ∗ 4.87 5.86
A2 3pz 4.91 5.87
A1 ππ∗ 6.47 6.01
B2 ππ∗ 7.83 6.24
B1 3pz 5.67 6.69

S.P. Neville & G.A. Worth, JCP, 2014, 140, 034317
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Electronic Absorption Spectrum of Pyrrole
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• 6-state, 9-mode model.
• Strong vibronic coupling between states.
• Contribution from excitation to three states.
• Intensity borrowing allows excitation to

lower lying Rydberg states.

S.P. Neville & G.A. Worth, JCP, 2014, 140, 034317
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Pyrrole: 6-State 9(10)-Mode Model
Ignoring ν2

State populations
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Routes to Higher Dimensionality.
First bottleneck to larger systems is no. of configurations nf

Strategies:

I Combined Mode Particles
II Selected-CI
III Multi-layer
IV Parametrized Spfs

Second bottleneck is calculating potential

Strategies:

A Parametrized Hamiltonian
• Reaction Path Model
• High-Dimensional Cluster Model
• Vibronic Coupling Model

B GROW
C Direct Dynamics

18 / 34
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IV. Parametrized Spfs (G-MCTDH)

Ψ(Q1, . . . ,Qf , t) =

n1∑
j1=1

. . .

nf∑
jp=1

Aj1...jp (t)
p−n∏
κ=1

ϕ
(κ)
jκ

p∏
κ=n+1

g(κ)
jκ

Replace single-particle functions with Gaussian functions

gj (Q, t) = exp
(
QTζ jQ + QTξj + ηj

)
Propagate parameters λ = {ζ, ξ, η}

i Ȧj =
∑

lk

S−1
jk 〈Φk |H |Φl〉Al −

p∑
κ=1

nκ∑
l=1

iS−1
jk 〈gk |

∂

∂t
gl〉AJκ

l

=
∑

lk

S−1
jk HklAl −

p∑
κ=1

nκ∑
l=1

iS−1
jk τklAJκ

l

iΛ̇ = C−1Y

Burghardt et al JCP (99) 99:2927
Burghardt et al JCP (08) 129:174104
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ADVANTAGES

• Need more GFs than SPFs,
• BUT set of parameters smaller than no. of grid points
• spatially unrestricted

DISADVANTAGES

• Non-orthogonal basis set - numerically difficult
• Efficiency requires approximate integral evaluation

LHA V = V (x0) + V ′(x − x0) + V ′′(x − x0)2

• convergence on exact result depends on accuraccy of integrals

20 / 34
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General Scheme

G-MCTDH gives general framework for Quantum — semi-classical —
classical dynamics. Can also treat open systems using density matrix
formalism.

21 / 34



Primitive basis MCTDH ML-MCTDH Parametrised Hamiltonians G-MCTDH GWP Methods Direct Dynamics

Grid-based QD −→ Gaussian Wavepackets
In limit of only GWP basis functions G-MCTDH becomes the
Variational Multi-configurational GWP Method: vMCG

Ψ(x, t) =
∑

J

AJgJ(x, t)

GWPs long-tradition in time-dependent QD.

• Conceptually simple
• Can be related to semi-classical dynamics
• possible to use for direct dynamics

BUT

• numerically unstable
• convergence properties not clear - no “natural population”
• limited to rectilinear coordinates

22 / 34
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vMCG Equations of Motion

Ψ(Q1, . . . ,Qf , t) =

n1∑
j=1

Aj (t)gj

Replace single-particle functions with Gaussian functions

gj (Q, t) = exp
(
QTζ jQ + QTξj + ηj

)
Propagate parameters. For expansion coefficients λ = {ζ, ξ, η}

i Ȧj =
∑

lk

S−1
jk [Hkl − iτkl ] Al

and for the linear parameters, ξlβ = −2ζlββqlβ − plβ can be written

q̇lβ =
plβ

mβ
+

1
2ζlβ

Im
∑
mα

C−1
lβmαỸmα

ṗlβ = −V ′lβ + Re
∑
mα

C−1
lβmαỸmα

Burghardt et al JCP (99) 99:2927 Burghardt et al JCP (08) 129:174104
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Salicylaldimine Test Case: 2D Proton transfer
Hamiltonian in normal modes fitted to
RHF/3-21G*

H =
∑
κ=1,18

ωκ
2

(
∂2

∂q2
κ

+ q2
κ

)
+

4∑
n=1

Anqn
1

+B11q1q18 + B22q2
1q2

18

+B31q3
1q18 + B13q1q3

18
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Trajectories with 16 GWPs
vMCG
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Richings et al Int. Rev. Phys. Chem. (15) 34: 269
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4D model: Linear Coupling

Autocorrelation function:
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QD basis size: 4060 SPFs, 355,000 primitives
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Routes to Higher Dimensionality.
First bottleneck to larger systems is no. of configurations nf

Strategies:

I Combined Mode Particles
II Selected-CI
III Cascading / Multi-layer
IV Parametrized Spfs

Second bottleneck is calculating potential

Strategies:

A Parametrized Hamiltonian
• Reaction Path Model
• High-Dimensional Cluster Model
• Vibronic Coupling Model

B GROW
C Direct Dynamics
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Direct Dynamics
• For integrals 〈gj |H|gk 〉, Quantum chemistry to second order.
• Gradients and Hessians directly from quantum chemistry.
• Store results in a database (energy, gradient, Hessian)

Ideally use adiabatic PES in direct dynamics as they are readily
available from quantum chemistry packages.

• States interact via the non-adiabatic coupling terms (NACT)

Fab =
〈ψa|∇Ĥel|ψb〉

Vb − Va

• NACTs go to infinity at a conical intersection and adiabatic PES
become non-differentiable at such points.

Problem for LHA. Avoid these problems by transforming to the
diabatic picture.

How can we define diabatic states on-the-fly?

28 / 34
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Diabatisation by Propagation
Adiabatic - Diabatic transformation, S, defined by

∇S = −FS

where F is NACT. Exact for complete set of states.

• Choose S = 1 at the initial point of the propagation.
• Solve for S by propagating from the nearest point.
• Applicable to any number of states.

First test: Butatriene ionisation
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• Dynamics run on first-excited ion states.
• DD-vMCG using 25 GWPs with propagated diabatisation.
• Powell updated Hessian

Richings and Worth J. Phys. Chem. A (2015) 119: 12457
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Formamide

• Smallest stable molecule consisting of HCNO
• Prebiotic Earth
• Found, by spectral molecular survey, on Hale-Bopp
• Tentatively found in IR-spectra of interstellar ices
• Decomposition pathways studied but as yet, no

excited state studies
SA-CAS(10,8)/6-31G*

State VEE/eV T Dipole/au Character
S1 5.607 0.000 Olp-π*
S2 8.015 0.000 π-NH∗

2
S3 8.159 0.022 Olp-NH∗

2 + ππ∗

S4 9.118 0.000 π-NH∗
2

S5 10.033 0.071 Olp-NH∗
2

S6 10.574 0.726 ππ∗ + Olp-NH∗
2

S7 11.450 0.001 π-NH∗
2 + ππ∗
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Formamide: Direct Dynamics 48GWP
Diabatic Populations
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Formamide Potential Surfaces
Along NH2 Symm Stretch
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Conclusions

Variational time-dependent basis sets are a powerful way of obtaining
the full solution to the TDSE.

• MCTDH provides a complete framework for quantum dynamics.
• ML-MCTDH grid-based for truly large systems - simple PES
• G-MCTDH flexible route to approximate dynamics - any PES but

restricted coordinates
• G-MCTDH −→ vMCG −→ GWP methods

• still complete solution possible, allows evaluation of accuracy
• numerically difficult

Direct Dynamics present state-of-the art: DD-vMCG

• Global PES produced. Can be used for later refinement
• General diabatisation by propagating ADT matrix

Present bottleneck: Electronic Structure theory!
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